Abstract. This paper is a continuation of [21] . We supplement four results on a family of holomorphic Siegel cusp forms for GSp4/Q. First, we improve the result on Hecke fields. Namely, we prove that the degree of Hecke fields is unbounded on the subspace of genuine forms which do not come from functorial lift of smaller subgroups of GSp4 under a conjecture in local-global compatibility and Arthur's classification for GSp4. Second, we prove simultaneous vertical SatoTate theorem. Namely, we prove simultaneous equidistribution of Hecke eigenvalues at finitely many primes. Third, we compute the n-level density of degree 4 spinor L-functions, and thus we can distinguish the symmetry type depending on the root numbers. This is conditional on certain conjecture on root numbers. Fourth, we consider equidistribution of paramodular forms.
Introduction
This paper is a continuation of [21] . We use the same notations throughout this paper. We study Hecke fields, simultaneous vertical Sato-Tate theorem, and the n-level density on a family of holomorphic Siegel cusp forms for GSp 4 /Q.
First, Hecke fields. Let S 1 k (Γ 0 (N )) be the space of elliptic cusp forms of weight k ≥ 2 with respect to a congruent subgroup Γ 0 (N ). The Hecke operators {T p } p∤N acting on the space and it the eigenvalues are algebraic numbers and it turns out that Q f is a finite extension over Q. The Hecke field of f reflects various arithmetic properties of f and has been studied by many people [43] , [41] . For example Q-simple factors of the Jacobian J 0 (N ) of the modular curve X 0 (N ) can be described in terms of the degree of the Hecke fields and one can ask the maximal dimension of Q-simple factors for J 0 (N ) (see [28] , [41] , [33] , [53] [30] ).
Let S k (Γ(N ), χ) be the space of classical holomorphic Siegel cusp forms of degree 2 with the level Γ(N ), a central character χ : (Z/N Z) × −→C × , and weight k = (k 1 , k 2 ), k 1 ≥ k 2 ≥ 3 (cf. Section 2 of [21] ). For a prime p ∤ N , let T (p n ) be the Hecke operator with the similitude p n .
Any eigenform with respect to T (p n ) for any non-negative integer n and any prime p ∤ N is called a Hecke eigen cusp form. We denote by HE k (Γ(N ), χ) the set of all such eigenforms in S k (Γ(N ), χ).
Let F be a Hecke eigen cusp form and λ F (p n ) be the Hecke eigenvalue of F for T (p n ), i.e.
T (p n )F = λ(p n )F . It is known that λ F (p n ) is an algebraic integer (cf. Lemma 2.1 of [47] ). We consider the Hecke field Q F := Q(λ F (p n ), χ(p), χ 2 (p) | p ∤ N ) which turns out to be a finite extension over Q (see (2.12) of [21] for χ 2 ). We call F a genuine form if it never comes from any functorial lift from a smaller subgroup of GSp 4 , hence, it is neither a CAP form, an endoscopic lift, a base change lift, an Asai lift, nor a symmetric cubic lift (see Section 2 for the details). as N goes to infinity with (N, 11!) = 1.
Second, simultaneous vertical Sato-Tate theorem. Let S k (Γ(N ), χ) tm be the subspace of S k (Γ(N ), χ) generated by Hecke eigen forms F outside N so that π F,p is tempered for any p ∤ N .
Let HE k (Γ(N ), χ) tm = S k (Γ(N ), χ) tm ∩ HE k (Γ(N ), χ). For a prime p ∤ N , let a F,p , b F,p ∈ [−2, 2]
be Hecke eigenvalues as in [21] . Then in Section 4, we generalize Theorem 1.4 of [21] to finitely many primes. Namely, given finitely many distinct primes p 1 , ..., p r , ((a F,p 1 , b F,p 1 ), ..., (a F,pr , b F,pr )) is equidistributed with respect to a suitable measure (Theorem 4.1).
Third, n-level density of degree 4 spinor L-functions. In [21] , we studied the one-level density of degree 4 spinor L-functions of a family of holomorphic Siegel cusp forms for GSp 4 /Q, and we showed that its symmetry type is SO(even), SO(odd), or O type, as predicted by [14] . However, we could not distinguish the symmetry type among SO(even), SO(odd), and O type since the support ofφ is smaller than (−1, 1). In order to distinguish them, we need to compute the n-level density. For the degree 4 spinor L-function L(s, π F , Spin), we denote the non-trivial zeros of L(s, π F , Spin) by 1 2 + √ −1γ j . Let φ(x 1 , ..., x n ) = n i=1 φ i (x i ) be an even Schwartz class function in each variables whose Fourier transformφ(u 1 , ..., u n ) is compactly supported. We define D (n) (π F , φ, Spin) as in Section 5.
We first prove the following theorem which may be of independent interest. Let
, for some constants c, d > 0.
For one-level density, the root number ǫ(π F ) did not play a role. However, higher level density depends on the root number.
When N = 1 (i.e., level one case), we have ǫ(
be even.) Then we have the following n-level density in the weight aspect. Let HE k = HE k (1) and
where W (SO(even)) and W (SO(even)) are the n-level density functions defined in Section 5, and c k = c k,1 is the analytic conductor defined in Section 5. 
, and the analogue of Theorem 1.4 holds when we replace HE k (N ) by HE ± k (N ). We assume it as Conjecture 5.1. Then we can prove the n-level density result for HE ± k (N ) (Theorem 5.9 and Theorem 5.10). In Section 6, we study the n-level density of the degree 5 standard L-functions of holomorphic Siegel cusp forms. We show that the root number is always one. Hence the symmetry type of the n-level density should be Sp. Under Conjecture 6.1 which is an analogue of Conjecture 5.1, we show
Fourth, we consider paramodular forms. In our previous paper [21] , we considered only principal congruence subgroup Γ(N ). Here we can deal with the paramodular group K para (N ). We prove equidistribution results on paramodular forms. In particular we can show Conjecture 5.1 for paramodular forms. Hence n-level density for spinor L-functions of paramodular forms for weight aspect (analogues of Theorem 5.9 and Theorem 5.10) hold. In a similar way, we can show simultaneous vertical Sato-Tate theorem for paramodular forms (analogue of Theorem 4.1).
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Genuine forms
In this section, we follow the notation and the contents in Section 2 of [21] for holomorphic Siegel modular forms of genus 2. The readers should consult the references there if necessary.
2.1. Classical Siegel modular forms and Hecke fields. For a pair of non-negative integers
and N ≥ 1, we denote by S k (Γ(N ), χ) the space of cusp forms of the weight k with the character χ : (Z/N Z) × −→C × for a principal congruence subgroup Γ(N ). Here the weight corresponds to the algebraic representation λ k of GL 2 with the highest weight k by
where St 2 is the standard representation of dimension 2.
For each prime p ∤ N and n ≥ 1 one can define the Hecke operator
There exists a basis of the space consisting of eigenforms for all such T (p n ) which are called Hecke eigen cusp forms. Let HE k (Γ(N ), χ) be the set of all Hecke eigen cusp forms for S k (Γ(N ), χ).
integral structure and is of finite dimensional, the eigenvalue λ F (p n ) is an algebraic integer once we fix an embedding Q ֒→ C. We define the Hecke field Q F of F by Definition 2.14 in [21] .
2.2. CAP forms and endoscopic lifts. For F ∈ HE k (Γ(N ), χ) let π F be the corresponding cuspidal representation of GSp 4 (A Q ). We say F is a CAP form (resp. an endoscopic lift) if π F is a CAP (resp. endoscopic) representation. We denote by S k (Γ(N ), χ) CAP the space generated by all CAP forms in S k (Γ(N ), χ). We also define S k (Γ(N ), χ) EN for endoscopic lifts similarly. Under mind condition on the level N we have the following estimation on the dimension of the space as above.
and χ is the square of a character, then
as N + k → ∞ and (N, 11!) = 1
Proof. It follows from Section 4.4 and Theorem 4.3 in [21] .
Next we consider endoscopic lifts.
Proof. It follows from Theorem 4.2 in [21] .
2.3. Local-global compatibility for holomorphic Siegel modular forms. In this subsection we discuss some results which follow from Conjecture 1 of [13] concerning local-global compatibility for holomorphic Siegel modular forms. That conjecture is satisfied for Siegel modular forms with Iwahori level structure in [13] and for Siegel paramodular forms by [39] and [46] . 
Proposition 2.3. Let the notations be as above. Assume Conjecture 1 of [13] . Then there exists a unique globally generic cuspidal representation
belong to the same L-packet and they are both tempered.
Proof. For such π F , by Weissauer [51] , there exists a globally generic cohomological cuspidal representation Π of GSp 4 (A Q ) so that π F is weakly equivalent to Π. By [46] , for any fixed prime ℓ, it gives rise to a Galois representation ρ Π,ℓ : G Q −→GSp 4 (Q ℓ ) which satisfies localglobal compatibility. Under Conjecture 1 of [13] we also have a Galois representation ρ π F ,ℓ :
G Q −→GSp 4 (Q ℓ ) which satisfies local-global compatibility and ρ Π,ℓ ∼ ρ π,ℓ by Chebotarev density theorem. Therefore π p and Π p belong to the same L-packet. The temperedness of Π p which is proved in [46] implies that of π p by [8] .
Corollary 2.4. Keep the notations as in the previous proposition and assume Conjecture 1 of [13] .
Then π p is generic if its L-packet is a singleton. Otherwise the L-packet of π p has two members which are given in the notation of [31] by {VIa, VIb}, {VIIIa, VIIIb}, {Va, Proof. First we remark that the L-packet of any generic supercuspidal representation which is not in the image of the local theta correspondence from GSO(2, 2) is a singleton since it has an irreducible L-parameter. Such a representation never appears in this setting. Then by using Table   A χ where χ is a quasi character of B(Q p ). Let γ 1 , . . . , γ t be a complete system of the double coset representatives of
Then (Ind
is generated by the following functions:
i . Therefore we roughly estimate 
where
in GSp 4 (see Section 4.3 of [21] ). The remaining case is similar to this case.
The following lemma will be used to define a non-canonical map (2.1).
Lemma 2.6. Let π p be as in Corollary 2.4. Assume that L-packet of π p is not a singleton and let
Proof. We prove this lemma case by case and all cases are given in Corollary 2.4. Let us first consider the type VIa and VIb. Then π
. Therefore the character σ should be trivial on 1 + p r Z p . Note that τ (S, ν
2 )) is of paramodular level 4 (resp. 2). Since the paramodular subgroup K para (p t ) contains K(p t ) for any positive integer t, the claim follows.
In the case of VIIIa and VIIIb, by Table A.4 of [31] , both of their Jacquet modules along the Klingen parabolic subgroup are 1 ⋊ π where π is a unitary supercuspidal representation of GL 2 (Q p ). The claim follows from this.
Next we consider the case π
). The claim is now easy to follow. The other remaining case is done similarly.
For the level of theta correspondence we can apply the argument in Theorem 4.2 of [21] regarding the transfer of some Hecke elements with respect to congruence subgroups and the claim follows from this directly.
2.4.
A non-canonical map between stable forms. Throughout this subsection we assume Conjecture 1 of [13] as in Proposition 2.3 and Arthur's classification for GSp 4 (which will be completed soon). Under these assumptions we relate holomorphic stable forms with globally generic stable forms. According to Lemma 2.6 we also assume that ord p (N ) ≥ 4 when a prime p divides N . Let π = ⊗ p π p be a cuspidal representation which comes from a Hecke eigen form
be the large discrete series with Harish-Chandra parameter 
, we define the finite set S of primes p so that the L-packet of π p is not a singleton and π p is non-generic. We denote by π g p the generic representation in the same L-packet as π p for p ∈ S. Since π is stable, by Arthur's classification for GSp 4 (cf. line 5 in p.11 of [40] ), the admissible representation
is an automorphic cuspidal representation which is generic everywhere. Then by Proposition 2.3, this is a globally generic representation so there is a unique distinguished vector F g in π g . The uniqueness follows from [12] . Therefore we have a non-canonical map
Note that T g takes the forms with respect to Γ(N ) by Lemma 2.6. For any subset S ′ ⊂ S ∪ {∞} one can also consider π(S ′ ) := p∈S π g p ⊗ p ∈S ′ π p which is also automorphic. Similarly we have a non-canonical map T (S ′ ) from S Stable k (Γ(N )). There exists 2 |S| maps for T (S ′ ).
We will exploit this map to estimate the number of functorial lifts with the following proposition. N ) ) be the space of automorphic forms on GSp 4 (A) which corresponds to N ) ). Hence the contribution from adelic forms to classical forms is differ by ϕ(N ). Proposition 2.5 implies that the dimension of the adelic version of
Proposition 2.7. Under the assumptions in this section
2.5. Symmetric cube lifts. There is a functorial lift from GL 2 to GL 4 which is called symmetric cube lift constructed by Kim and Shahidi [20] . For an elliptic cusp form f of weight greater than 2, let Π ′ be the image of π f under the symmetric cube lift. Then it descends to a unique globally generic cuspidal representation Π f := Sym 3 π f of GSp 4 (A Q ). We say F ∈ HE k (Γ(N )) is a symmetric cube lift if π F,p ∼ Π f,p for almost all prime p = ∞ and an elliptic cusp form f . We denote by S k (Γ(N ), χ) Cube the space generated by all symmetric cube lifts in S k (Γ (N ), χ) .
In what follows we will try to estimate the dimension of this space. We can define the following map as in (2.1):
is the space generated by all Hecke eigen stable forms in S k (Γ(N ), χ) and
is the space generated by all non-endoscopic globally generic Hecke eigen forms
) be the space generated by all symmetric cube lifts (resp. all generic symmetric cube lifts) in S Cube
Then we have
as N → ∞ with (N, 11!) = 1.
Proof. Let F be a globally generic Hecke eigen cusp form in S Cube,gg k (Γ(N ), χ). By Lemma 9.1 of [21] , the conductor of π F is bounded by N 4 . On the other hand, if π F = Sym 3 π f for an elliptic cusp form f , by applying Theorem in Section 6.5 of [2] to Sym 2 π f and π f , the lower bound of the conductor of π F is given by
follows from this with the dimension formula for the space of elliptic cusp forms with respect to Γ 1 (N 2 ) for a fixed weight.
2.6. Automorphic induction. In this section we are concerned with Automorphic induction.
For a quadratic field K/Q, there is a functorial lift from GL 2 /K to GL 4 /Q which is called
Automorphic induction (some of people say an Asai lift). To descend it to a globally generic representation of GSp 4 , the central character ω π should be invariant under the non-trivial element
When K is a real quadratic field, then for any Hilbert modular cusp form f of weight (
is an automorphic induction if π F is weakly equivalent to such a Π.
Similarly one can consider an automorphic induction for an imaginary quadratic field K.
However by [9] if F ∈ S k (Γ(N )) is given by such a way, then k 2 has to be 2 which contradicts with our condition k 2 ≥ 3. Therefore we have only to consider only contributions from Hilbert modular forms for real quadratic fields.
) be the space generated by all automorphic induction
T g induces a surjective linear map
Then we have 
by Shimizu's dimension formula in [42] . Now for a real quadratic field K,
K by the functional equation. Since
2.7. Asai transfer. In this section we are concerned with the Asai transfer which is a transfer from GL 2 /K to GL 4 /Q for an etale algebra K of degree 2 over Q. When F = Q ⊕ Q, it is the Rankin-Selberg convolution product. When F is a field, it is called the Asai transfer. In the former case, given a pair (π 1 , π 2 ) of two cuspidal representations of GL 2 (A Q ), the automorphic product π 1 ⊠ π 2 descend to a unique globally generic representation of GSp 4 only when one of π i 's should be dihedral. (See [15] .) When K is a field, the Asai transfer As(π) of a cuspidal representation π of GL 2 /K descend to GSp 4 only when π is dihedral. We say F ∈ S k (Γ(N ), χ)
an Asai lift if π F is weakly equivalent to such a representation of GSp 4 .
We denote by S Asai, non-E k (Γ(N ), χ) the space generated by all non-endoscopic Asai lifts in 
By using this map we have Theorem 2.10. Fix a weight k. Then it holds that
Proof. Let us first consider the case when K is not a field. Let (f 1 , f 2 ) be a pair of two elliptic cusp forms of level N 1 , N 2 with characters χ 1 , χ 2 so that χ 1 χ 2 = χ but one of them is a CM form (say, f 2 ). Note that once we fix an imaginary quadratic field defining f 2 , then the character of f 2 is fixed and so is f 1 . As in the previous proposition, we have N 1 N 2 ≤ N 4 by Theorem in Section 6.5 of [2] . Therefore we have only to consider
where a 2 is the square factor dividing N 1 , and * is a fixed character and h(a 2 D K ) stands for the class number of the binary forms with discriminant a 2 D K .
Now for a fixed k 1 and
1 ), and
When K is a field, then there exists a quartic field L/Q which contains K such that π 
Let N (d) be the number of quartic fields of discriminant |d| which contains a quadratic subfield.
). Hence by partial summation, the last estimation becomes O(N 6+ǫ ).
Hence our result follows.
2.8. Proofs of main theorems for Hecke fields. We are now ready to prove main theorems.
Before going into proofs we give a precise definition of genuine forms. Definition 2.3. Let F be a Hecke eigen Siegel cusp form of weight (k 1 , k 2 ), k 1 ≥ k 2 ≥ 3 which is neither a CAP form nor an endoscopic lift. We say F is a genuine form if the corresponding automorphic representation π F is not weakly equivalent to any of a base change lift, an Asai lift, and a symmetric cube lift.
By using results in the previous section, Theorem 1.1 and 1.3 of [21] hold if we replace HE k (N, χ) with the subset {F ∈ HE k (N, χ) | F : genuine}, since
This proves Theorem 1. 
Galois representations for genuine forms
In this section we characterize a genuine form in terms of Galois representations. Let F be a
Hecke eigen Siegel cusp form in S k (Γ(N )) which is neither CAP nor endoscopic. By LaumonWeissauer, for any prime ℓ there exists a unique irreducible Galois representation
such that det(I 4 − Xρ F,ℓ (Frob p )) coincides with the Hecke polynomial at p for any prime p ∤ ℓN (see (2.13) of [21] for Hecke polynomials). Since π F is weakly equivalent to a generic cuspidal representation of GSp 4 , it can be transfered to a cuspidal representation of GL 4 . The irreducibility of ρ F,ℓ follows from this fact and the main result of [3] . By Theorem 8.7 for all but finitely many ℓ, the reduction ρ F,ℓ is irreducible. In the case (2), there exists a 2-dimensional irreducible Galois representation ρ ℓ : G Q −→GL 2 (Q ℓ ) such that ρ F,ℓ = Sym 3 ρ ℓ . The irreducibility of ρ F,ℓ implies that of ρ ℓ . Therefore ρ ℓ is modular by Serre conjecture due to Khare-Wintenberger [17] . It follows that its image contains SL 2 (F ℓ ) otherwise Sym 3 ρ ℓ is reducible. Hence ρ is absolute irreducible even if we restrict it to G Q(ζ ℓ ) . Then by Kisin [18] for the ordinary case and Emerton [7] for the non-ordinary case, ρ p is modular. Hence the case (2) corresponds to a symmetric cubic lift.
We now assume that F is genuine and ρ F,ℓ does not contain Sp 4 for infinitely many ℓ. We denote by Σ the set of such primes ℓ. The cases (3), (4) and (5) are excluded since F is genuine with the argument above in the case (3). Then by applying Theorem 1.0.1 of [27] for a sufficiently large ℓ ∈ Σ (note that they used the notation SGO(4) instead of GSO (4)), we see that F is a Rankin-Selberg convolution which contradicts with the assumption on F .
Simultaneous vertical Sato-Tate theorem
be Hecke eigenvalues as in [21] . Recall also the measure
, where
Let C 0 (Ω, R) be the space of R-valued continuous functions on Ω. Then we can generalize Theorem 1.4 of [21] to finitely many primes.
Theorem 4.1. Let p 1 , ..., p r be distinct primes. Then for f ∈ C 0 (Ω r , R), (u 1 , . .., u n ) is compactly supported. We define
where * j 1 ,...,jn is over j i ∈ Z (if the root number is −1) or Z\{0} with j a = ±j b for a = b, and c π is the analytic conductor of L(s, π).
Let F(X) be the set of L-functions in F such that X < c π < 2X. The n-level density conjecture says that
where W (G(F)) is the n-level density function.
There are five possible symmetry types of families of L-functions: U, SO(even), SO(odd), O, and Sp. The corresponding density functions W (G) are determined in [14] (cf. [34] ). They are
We will study the family of degree 4 spinor L-functions L(s, π F , Spin) for F ∈ HE k (N ). We may assume that π F is not a CAP form. (For a CAP form, |a F (p)| ≤ 4p It satisfies the functional equation:
where ǫ(π F ) ∈ {±1} and N ≤ q(F ) ≤ N 4 .
Let φ be a Schwartz function which is even and whose Fourier transform has a compact support.
Define
where log c k,
is the analytic conductor. We showed in [21] 
where ω(N ) is the number of distinct prime factors of N . So the possible symmetry type could be O, SO(even) or SO(odd) but we cannot distinguish them because the support ofφ is too small.
In order to distinguish them, we need to compute the n-level density.
Let λ F (p n ) be the eigenvalue of the Hecke operator T (p n ) for p ∤ N . Here T (p n ) is the sum of contributes the main term p −3i .
(1) (level-aspect) Fix k 1 , k 2 . Then as N → ∞,
for some constant c > 0.
(2) (weight-aspect) Fix N . Then as
Sinceλ F is multiplicative, we have proved Theorem 1.4.
For one-level density, the root number ǫ(π F ) did not play a role. However, higher level density depends on the root number. 
We assume Conjecture 5.1 in this paper.
The calculation of the n-level density is well-known. But for the sake of completeness, we give an outline. We follow closely [5] , [34] .
5.1. The case ǫ(π F ) = 1. We denote the non-trivial zeros of L(s, π F , Spin) by σ F,i = 1 2 + √ −1γ F,i . Without assuming the GRH for L(s, π F , Spin), we can order them as
For a fixed n > 0, assume the Fourier transformφ i of φ i is supported in (−β n , β n ) for i = 1, . . . , n. (β n < 1 can be explicitly determined.) The n-level density function is
where * j 1 ,...,jn is over j i = ±1, ±2, ... with j a = ±j b for a = b, and log c k,
Recall the one-level density function ( [21] , page 68):
Let L run over all ways of decomposing {1,
We show, following Lemma 2 in [34] , that we can ignore O 1 log c k,N terms in (5.3).
Lemma 5.2.
We prove two lemmas analogous to Claim 2 and Claim 3 in Rubinstein [34] .
where m i 's are a prime or a square of a prime.
Proof. By changing the order of the sums, we need to consider, for
where e 1 + · · · + e r + γ 1 + · · · + γ t = a. Now, by rearranging, if there exists e i = 1 for some i, we can assume that e 1 = · · · = e b = 1 and e b+1 > 1, ...e r > 1. Then use the fact that λ F (p) e = e i=0 c i λ F (p i ) for some constants c i . Hence 
(5.6)
where m i 's are a prime or a square of a prime, and S = {l 1 , ..., l a },
is over all subsets S 2 of S whose size is even, and P 2 is over all ways of pairing up the elements of S 2 .
Proof. First of all, in (5.4), if e i ≥ 4 or γ j ≥ 2 for some i, j, then by (5.5) and (5.6), those terms are majorized by d + k,N (log c k,N ) a−1 . Hence we only need to consider the sum
where 2r + t = a. In this case, S 2 = {l 1 , l 2 , ..., l 2r−1 , l 2r }, and S = {l 1 , ..., l 2r , l 2r+1 , ..., l a }.
We use the fact that a F (p) 2 = 1 + p −1 × (polynomials in p −1 )+sum of Hecke operators, and a F (p 2 ) = −1 + p −1 × (polynomials in p −1 )+sum of Hecke operators.
We define
The following three lemmas enable us to find an explicit expression for (5.3).
Lemma 5.5.
Lemma 5.6.
Lemma 5.7.
Here P 2 is over all ways of paring up the elements of {1, 2, . . . , a}. If a = 2r, it runs through products of 2-cycles of the form (l 1 l 2 ) · · · (l 2r−1 l 2r ). There are (2r)! 2 r r! of them.
Therefore, we have proved Theorem 5.8.
where S runs through the subset of even cardinality in {1, ..., ν(L)}, and P 2 is over all ways of pairing up the elements of S.
We summarize it as Theorem 5.9. Let φ(x 1 , ..., x n ) = φ 1 (x 1 ) · · · φ n (x n ), where each φ i is an even Schwartz function
always has a family zero at s = 1 2 . By Rubinstein [34] , the n-level density function is
By Rubinstein [34] , the first term gives rise to
It is equal to
, which equals the n-level density of the symplectic type.
We summarize it as Theorem 5.10. Let the notations be as in Theorem 5.9. Then
It satisfies the functional equation:
where ǫ(π F , St) ∈ {±1} and N ≤ q(F, St) ≤ N 28 . Lapid [24] showed Proposition 6.1. Let π F be as above. Then ǫ(π F , St) = 1.
In fact, Lapid proved it only for globally generic cusp forms. However, holomorphic cusp forms are always in the same L-packet with a globally generic cusp form. Hence the result follows. Because of the above proposition, we expect that the symmetry type of L(s, π F , St) is Sp. However, we need the following conjecture. We showed it in [21, Proposition 9.5] when m is of the form m = p a 1 1 · · · p ar r , where p i 's are distinct primes, and a i = 1, 2 for each i.
and h is a polynomial with integer coefficients and c > 0 is a constant.
We use the fact that b F (p) 2 = 1+p −1 ×(polynomials in p −1 )+sum of eigenvalues of Hecke operators, and b F (p 2 ) = 1 + p −1 × (polynomials in p −1 )+sum of eigenvalues of Hecke operators.
We showed in [21] 
, where each φ i is an even Schwartz function andφ(u 1 , ..., u n ) = φ 1 (u 1 ) · · ·φ n (u n ). For a fixed n > 0, assume the Fourier transformφ i of φ i is supported in (−β n , β n ) for i = 1, . . . , n. (β n < 1 can be explicitly determined.) The n-level density function is 
Paramodular forms
In this section, we fix a square free positive integer N . We deal with a compact subgroup 1, N, 1 
Then, the Atkin-Lehner involution on G(Q p ) is provided by the double coset Here note that p|N (p 2 + 1) = c N N 2 for some constant 1 < c N < 5.
We obtain the Hecke operator T ′ m as in [21, Section 8] . Define, for M |N , the Atkin-Lehner involution w N,M on S k (Γ para (N )), where w N,M is induced from the coset p|M K Table   A .13 in p.293] (see also [37, Table 3 ]). Hence, by [37, 31] , one has an isomorphism 1)(k 2 − 2) ).
Hence we have proved Conjecture 5.1 for paramodular newforms. Therefore, we have proved n-level density for spinor L-functions of paramodular newforms in weight aspect (analogues of Theorem 5.9 and Theorem 5.10 for paramodular forms).
In a similar way, we can show a simultaneous vertical Sato-Tate theorem for paramodular forms (analogue of Theorem 4.1). 
